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THE BERGMAN KERNEL OF THE SYMMETRIZED
POLYDISC IN HIGHER DIMENSIONS HAS ZEROS
NIKOLAI NIKOLOV AND W LODZIMIERZ ZWONEK
Abstract. We prove that the Bergman kernel of the symmetrized
polydisc in dimension greater than two has zeros.
Let D be the unit disc in C. Let λ = (λ1, . . . , λn) ∈ Cn and pin =
(pin,1, . . . , pin,n) : C
n → Cn be defined as follows:
pin,k(λ) =
∑
1≤j1<···<jk≤n
λj1 . . . , λjk , 1 ≤ k ≤ n.
The set Gn = pin(D
n) is called the symmetrized polydisc. The sym-
metrized bidisc G2 is the first example of a bounded pseudoconvex
(even hyperconvex) domain that cannot be exhausted by domains bi-
holomorphic to convex domains and on which the Carathe´odory and
Kobayashi distances coincide (see [3], [4] and [1], see also [5]). Note
that Gn, n ≥ 3, cannot be exhausted by domains biholomorphic to
convex domains, too (see [7]). It is, however, not known whether the
Carathe´odory and Kobayashi distances coincide on Gn, n ≥ 3.
In [6], the following explicit formula for the Bergman kernel KGn of
Gn has been found:
(1)
KGn(pin(λ), pin(µ)) =
det[(1− λjµk)−2]1≤j,k≤n
pin
∏
1≤j<k≤n[(λj − λk)(µj − µk)]
, λ, µ ∈ Dn.
Observe that although the right-hand side of (1) is not formally defined
on the whole Gn × Gn, it extends smoothly on this set. The formula
(1) easily implies that G2 is a Lu Qi-Keng domain (see [6]), i.e. KG2
has no zeros on G2 × G2 – for the comprehensive information on the
Lu Qi-Keng problem see e.g. [2]. Then the following natural question
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has been posed in [6] (see also [5]): Does KGn have zeros for n ≥ 3?
The aim of this note is to give a positive answer to the above question
thus providing an example of a proper image of the polydisc Dn, n ≥ 3,
which is not a Lu Qi-Keng domain.
Theorem 1. KGn has zeros for any n ≥ 3.
Proof. We shall proceed by induction on n ≥ 3 showing that:
(∗) there are points λ, µ ∈ Dn, both with pairwise different coordi-
nates, such that
∆n(λ, µ) := det[(1− λjµk)−2]1≤j,k≤n = 0
and fn := ∆n(·, λ2, . . . , λn, µ1, . . . , µn) 6≡ 0.
The case n = 3. We have the following formula (see Appendix A):
(2) KG3(pi3(λ1, λ2, λ3), pi3(µ1, µ2, 0)) =
a(ν)z2 − b(ν)z + 2c(ν)
pi3
∏
1≤j≤3,1≤k≤2(1− λjµk)2
,
where z =
µ2
µ1
(µ1 6= 0), νj = λjµ1, j = 1, 2, 3, and
a(ν) = pi3,2(ν)(2− pi3,1(ν)) + pi3,3(ν)(2pi3,1(ν)− 3),
b(ν) = (pi3,1(ν)− 2)(pi3,2(ν)− 2pi3,1(ν) + 3) + 3(pi3,3(ν)− pi3,1(ν) + 2),
c(ν) = pi3,2(ν)− 2pi3,1(ν) + 3.
For the fixed point ν0 = (e
ipi/6, eipi/3, e−ipi/6)1 the number
z0 = e
−ipi/46− 3
√
3−
√
40
√
3− 69√
2(3
√
3− 5)
satisfies the equality a(ν0)z
2
0 − b(ν0)z0 + 2c(ν0) = 0 (see Appendix B).
Since z0 ∈ D, it follows that for any ν ∈ D3, close to ν0, there is a
z ∈ D, close to z0, such that a(ν)z2− b(ν)z+2c(ν) = 0. Then choosing
µ1 ∈ D with |µ1| > |ν1|, |ν2|, |ν3| we get points λ, µ ∈ D3, both with
pairwise different coordinates such that ∆3(λ, µ) = 0.
To see that f3 6≡ 0 assume the contrary. Then f3(0) = f ′3(0) =
f ′′3 (0) = 0, i.e.
det

 µ
j
1 µ
j
2 µ
j
3
(1− λ2µ1)−2 (1− λ2µ2)−2 (1− λ2µ2)−2
(1− λ3µ1)−2 (1− λ3µ2)−2 (1− λ3µ3)−2

 = 0
for j = 0, 1, 2. Since µ1, µ2, µ3 are pairwise different, the vectors (1, 1, 1),
(µ1, µ2, µ3) and (µ
2
1, µ
2
2, µ
2
3) are linearly independent. It follows that the
vectors in the second and the third lines of the above determinant are
1We thank Pencho Marinov for his computer programme which shortened the
calculations needed for finding good candidates for zeros of KG3 .
3linearly dependent. In particular, KG2(pi2(λ2, λ3), pi2(µ2, µ3)) = 0, a
contradiction.
The induction step. Assume that (∗) holds for some n ≥ 3. We shall
choose numbers λ˜1 and λ˜n+1 in D, close to λ1 and 1, respectively (which
will provide pairwise different coordinates of the new points), such that
gn+1(λ˜1, λ˜n+1) := ∆n+1(λ˜1, λ2, . . . , λn, λ˜n+1, µ1, . . . , µn, λ˜n+1) = 0
and gn+1(·, λn+1) 6≡ 0. Note that
gn+1(λ˜1, λ˜n+1) =
fn(λ˜1)
(1− |λ˜n+1|2)2
+ hn(λ˜1, λ˜n+1),
where hn is a continuous function on D × D. Since fn 6≡ 0 is a holo-
morphic function, for any small r > 0 the number λ1 is the only zero
of fn in the closed disc D ⊂ D with center at λ1 and radius r. Then
m :=
min∂D |fn|
max∂D×D |hn|
> 0. Hence |fn| > (1 − |λ˜n+1|2)2|hn(·, λ˜n+1)| on
∂D if 1 − |λ˜n+1|2 <
√
m. Fix such a λ˜n+1. Since hn(·, λ˜n+1) is a holo-
morphic function on D, the Rouche´ theorem implies that gn+1(·, λ˜n+1)
has finitely many zeros in D (in particular, gn+1(·, λ˜n+1) 6≡ 0), which
completes the proof.

Remark. The above proof shows that if n ≥ 4, then there are points
(λ, ν), close to the diagonal of Dn × Dn in the following sense: λj =
µj > 0 for j = 4, . . . , n such that KGn(pin(λ), pin(µ)) = 0. On the other
hand, it can be shown that KG3(pi3(λ), pi3(µ)) 6= 0 if λ3 = µ3.
Appendix A. By (1), one has that
(3)
pi3(λ1−λ2)(λ1−λ3)(λ2−λ3)µ1µ2(µ1−µ2)KG3(pi3(λ1, λ1, λ3), pi3(µ1, µ2, 0))
= det

(1− ν1)
−2 (1− zν1)−2 1
(1− ν2)−2 (1− zν2)−2 1
(1− ν3)−2 (1− zν3)−2 1


= det
[
(1− ν1)−2 − (1− ν3)−2 (1− zν1)−2 − (1− zν3)−2
(1− ν2)−2 − (1− ν3)−2 (1− zν2)−2 − (1− zν3)−2
]
=
(ν1 − ν3)(ν2 − ν3)z
(1− ν3)2(1− zν3)2 det


ν1 + ν3 − 2
(1− ν1)2
zν1 + zν3 − 2
(1− zν1)2
ν2 + ν3 − 2
(1− ν2)2
zν2 + zν3 − 2
(1− zν2)2


4 NIKOLAI NIKOLOV AND W LODZIMIERZ ZWONEK
=
(ν1 − ν3)(ν2 − ν3)z∏
1≤j≤3,1≤k≤2(1− λjµk)2
(
(ν1+ν3−2)(zν2+zν3−2)(1−zν1)2(1−ν2)2
(4) −(ν2 + ν3 − 2)(zν1 + zν3 − 2)(1− ν1)2(1− zν2)2
)
(5) =
(ν1 − ν3)(ν2 − ν3)z(z − 1)(A(ν)z2 − B(ν)z + 2C(ν))∏
1≤j≤3,1≤k≤2(1− λjµk)2
.
To find A(ν), B(ν) and C(ν), we shall use that the coefficients of z3,
z0 and z in the large brackets in (4) are equal to
A(ν) = (ν1+ν3−2)(ν2+ν3)ν21(1−ν2)2−(ν2+ν3−2)(ν1+ν3)ν22(1−ν1)2,
−2C(ν) = 2(ν2 + ν3 − 2)(1− ν1)2 − 2(ν1 + ν3 − 2)(1− ν2)2 and
B(ν) + 2C(ν) = (ν1 + ν3 − 2)(ν2 + ν3 + 4ν1)(1− ν2)2
−(ν2 + ν3 − 2)(ν1 + ν3 + 4ν2)(1− ν1)2,
respectively. Calculations lead to the formulas
A(ν) = (ν2 − ν1)(pi3,2(ν)(2− pi3,1(ν)) + pi3,3(ν)(2pi3,1(ν)− 3)),
C(ν) = (ν2 − ν1)(pi3,2(ν)− 2pi3,1(ν) + 3),
B(ν) = (ν2−ν1)((pi3,1(ν)−2)(pi3,2(ν)−2pi3,1(ν)+3)+3(pi3,3(ν)−pi3,1(ν)+2)).
To get (2), it remains to substitute these formulas in (5) and then to
compare (5) and (3).
Appendix B. Since
pi3,1(ν0) =
1 + 2
√
3 + i
√
3
2
, pi3,2(ν0) =
2 +
√
3 + i3
2
, pi3,3(ν0) = e
ipi/3,
the formulas for a(ν), b(ν) and c(ν) lead to
a(ν0) = (3
√
3−5)eipi/3, b(ν0) = (6
√
2−3
√
6)eipi/12, c(ν0) = (2
√
3−3)e−ipi/6.
Then for z = e−ipi/4x one has eipi/6(a(ν0)z
2 − b(ν0)z + 2c(ν0))
= (3
√
3− 5)x2 + (3
√
6− 6
√
2)x+ 4
√
3− 6 =: p(x).
The zeros of the polynomial p are equal to
6− 3√3±
√
40
√
3− 69√
2(3
√
3− 5) .
Note that the smaller one lies in (0, 1), since p(0) > 0 > p(1).
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